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ABSTRACT 

We show that centred aperiodic random walks on Z d whose jump ran- 

dom variables are in L2V/~ + L have equivalent renewal sequences. An 

isomorphism theorem is deduced. 

Let X be a Za-valued random variable (where d E N). The r a n d o m  walk  with 

j u m p  r a n d o m  variable  X is a measure preserving transformation Tx of the a- 

finite, infinite measure space (zd) z x Z d equipped with the a-algebra generated by 

cylinder sets, and the measure fZx  counting measure (where f,~ =Prob(X  = n)).  

It is defined by 
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The random walk is conservative and ergodic in case d = 1, 2, and the jump ran- 

dom variable X: has finite second moment (E(IXI 2) < oo), is c e n t r e d  (E(X) = 
0), and is s t r i c t ly  ape r iod ic  in the sense that if ~(s) = E(e is'X) (s E Rd), then 

I~v(s)l = 1 if and only if s E 2~rZ d. 

Let y(d) = e E {0, +1} d with probability ~ .  It is shown in [1] that  if d = 1, 2, 

and X is a Zd-valued random variable with E([X[ 7) < cx~, which is centred, 

and strictly aperiodic, then Tx and Ty(~) are isomorphic as measure preserving 

transformations. 

We prove here the 

MAIN THEOREM: If d = 1,2, and X is a centred, strictly aperiodic Zd-valued 

random variablewithE(lXl2~/log+[X[) <oo, thenTx andTv(d) areisomor- 
X f 

phic. 

The method of proof, using results in [1], involves a study of the equ iva lence  

of renewal sequences of j u m p  r a n d o m  variables,  that  is, renewal sequences of 

form 

1/;// ) 
u(n) = un(Z) - (2~) d " "  ¢p(s)nds = Prob Xk = 0 

It Xk= 1 

where X1, X2 , . . .  are i.i.d.r.v.'s, each distributed as X. 

Recall from [1] that  the renewal sequences u, u' are said to be equ iva len t  

if there are positively recurrent, aperiodic renewal sequences v, v' such that  

u(n)v(n) = u'(n)v'(n), and that [1, theorem 3.6] conservative, ergodic random 

walks whose jump random variables have equivalent renewal sequences are iso- 

morphic. 

Let X be a Zd-valued random variable. A necessary condition for the 

equivalence of the renewal sequences u(X) and u(Y(d)), is that  X be centred, 

strictly aperiodic, and with finite second moment. This is because otherwise, 

lira infn-~oo ~ = 0. u,~(Y(~)) 

A sufficient condition for equivalence of renewal sequences is given by [1, corol- 

lary 4.4], which says that  the renewal sequences u = (u(n))n>o and u(Y (d)) are 

equivalent if 

¢,) E  jlo (±5 ± l  ,~eA \ P "  / -- 2n2 < oo 
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where 

u(n)2 for n • A = {n • N: u(k) > 0 V k > n -  1}. 
P" = u(n - 1)u(n + 1) 

Thus, given a centred, strictly aperiodic, Zd-valued jump random variable 

X, (d = 1, 2), in order to prove that Tx and Ty(d) are isomorphic, it is sufficient 

to establish that  u(X) satisfies (*). 

The isomorphism theorem of [1] is proved in this way by means of [1, theorem 

5.1] which establishes (*) when E(IX[ 7) < oo and X is centred, strictly aperiodic. 

Similarly, we prove our main theorem by establishing the 

THEOREM: Suppose that E ( ] X I 2 1 ~  IXI) < 0% and that X is centred, and 

strictly aperiodic, then (*) holds. 

Remark: We do not know of any centred, strictly aperiodic random variable X 

on Z d with finite second moment for which u(X) and u(Y (d)) are not equivalent. 

P r o o f  o f  t h e  T h e o r e m  

It follows from the local limit theorem that  

3 lim nd/2u(n) E R+, 
n - - * O O  

and hence that  ( . )  holds if and only if 

y~  n d+l '~(~ - -  1)u(n + 1) - u(n) 2 du(n)22n 2 [ 
n=l 

< o o .  

Set 

Dn :=nd+](u(n - 1)u(n + 1) -- u(n) 2 du(n)2'~ 
2n 2 / '  

' mean that  )-'],, lan -ea~l < oo for some 0 < e < oo. In particular, and let an "~ an 
' then ~"]~n lanl < oo iff ~ n  lalnl < Oo. if a,, . . ,  a n ,  

We'll show, under the assumption E(lXl2~/log+]XI) < c¢, that  D,~ ,,~ 0. 

Using Taylor's theorem for ~0 around 0, we find that,  

3 ~ > o ,  ~ e (o,~] (~) such that 0 < ko(x)l _< e -~r(x) Y Ixl _< 6 

where r(,) := E((X.,)~) (, e R'). 
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By aperiodieity of X, suPltl>~ [~o(t)[ < 1, and we have that 

Dn := n d+l (u(n - 

nd+l 

- -  (27r)  2 d / f ~ , × T .  

~ nd+l ffN 
(2r)  ~a (o,~)~ 
nd+l 

- -  (27r)  2d ffN(o,), 
nd+l 

- -  (27r)  2d ffN(o,,), 
since /fN ~o(x)nqo(y)n(qo(x) - ~o(y))dxdy = O. 

(o,~)~ 

1)u(n + 1) -u (n)  2 du(n)2~ 
2n 2 / 

(q~(x)n-1¢p(y)n+1- 99(x)ncp(y)n(1+ 2 ~  ) )dxdy 

(¢p(x)'~-l~p(y)~+ l - tp(x)'~ cp(y)n (l + 2 ~  ) ) dxdy 

~(x)n~(Y)n( ¢p(x)-~(y)~-~ d ~ )  dxdy 

~(x)"~(~)" (~(~) - ~(~) ~--~~ ((P(x) - ~(Y) ) - 2 ~  )dxdy 

n f f  / 8 \ n  / t \ n  

D, (27r) 2~ JJN(o,~,m)~ 
~(~)1(~ ~(~)) • ~ ( ~ )  dsdt 

I f f  I s ~n I t ~n 
n(27r) 2a (o,6vr~)2 

.,r(t)¢, t , _  z v ' ~ j j  2 ~-~; -~'~dsdt,] 
I \ 

where F(x) := E((X.  x) 2) = x*Fx (x ERa), and 1 - ~(s) = r2-~C(s ). 
Using (¢), and 1 - qo(t/v/'n) = O(Itl2/n), we have, by Lebesgue's dominated 

convergence theorem, that 

Write 

Dn l f f  N I s ~n I t ~n 
n (o,~vr~)~ 

. ( [ T ¢ ( ~ )  _ r ( t )  t ~r(s)~( s , ~ , ~  - - V C ( ~  ) ~ 1  r(~) " t "  - ~),~sdt. 

an(s) ~-~  (1 ¢(~nn) ) ( ( ~ n )  F(s)~ = - = n  qo - 1 +  2n 1" 

Here, N(0, 5):= {x E T a = [-Tr, 7r]d: Ix[ < 6}. 
Changing variables, we have 
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Using again the Taylor expansion of qo around 0, we obtain K E N+ such that 

[ an ( s ) [<KE( ( s -X)2 [ [X[ [S [A1) )  < K F ( s )  V s E R  d, n EN. 
- ~ v ~  - 

To continue, we need to use the moment assumption on X. 

LEMMA 1: IrE(IXI2(log+lX[) -~;) < (X), then 

I~"(~)lk ___ Mklsl2k(1 + I~1) k, 
n 

n --~-1 

where Mk E N+, and hence 

- e-cr(8)ds<e~ Vg>_O. 

Proof." 

lan(s)l <_ K E ( ( s  • x)2 (_.___~__lXllsl /x 1)) 

< Klsl2( 1 + ISl)E(IXl2(iXl ̂  v/~)), 
- V ~  

Kklsl2k(1 + Isl)~ E(IXI=(IXI A v%) • lan(s)lkn ~ nl+~ 

and it is sufficient to show that 

Now, 

o o  

~_, n ~  (E(IXl2(lxl A x/K))) k < ~. 

E(IXI2([X[ A v/-n) ) = E([X[31[iXl<vrff]) + v~E([X[21[ix]>_v~). 

Therefore, by Jensen's inequality, 

^ 

+ 2~-1r3 E(IXlhtlxL_,/-~) , 
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and it is now sufficient to show that 

nl__~2~(([X[Sl[IxI<J.~])) t¢ ~ - ~ 1 (  (I 121[IXl>vrff])) t¢ E < ~  & - E X <~x~. 
n = l  n = l  7/, 

Letting X1, . . . ,  Xk be independent copies of X, we have 

c¢ k 

1 (E(IXIS1[lXI<V.ff])) E~-~ 
n = l  

= E ]Xlla...IXk}3 Z nl+----- T [iX, l_<v,,-~...ltlxkl<v,-ff] 

( = E [XllS.. .IXkl s ~ nl+~ 
n>lx~ 12v...vlxd 2 

< 2 E l  IxxP'"lx~ls '~ 
- k ~lx--~-~ 7.. ~ L--~k I)k j 

<_2 E(IXI ~ <oo, 

and 

Zn°° 1 E(IX j l[ixl_>v~) = E  iX,} 2 }Xk[2Z 1 - . . .  ~ l f lx~ l_>J '~ l - . .  l [ Ix~ l>v '~  
n = l  n = l  

IX112A " ' '^]x~ 12 z 1) 
r t ~ l  

<__ ~ ( I x ,  t~...Ix~t~log+(tx~l ~ ̂ . . .  ^ Ix~t~)) 
)J~))~ < (E(IXl2(log + IXl 2 < ~ .  

oo 

• ~ n - ~ ( E ( l X [ 2 ( l X [  A v/'~))) k < oo. | 

LEMMA 2: I£E(IX]21V~ IXI) < ~ ,  then 

~ 1 / N  t . s , , ~  , : ~  co .~ )  Isl I ~ ( ~ )  - e-rC')/~( 1 + a,(,))lds < ~ V t > 0. 
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Proo~ 

~ ( ~ ) - ~  ,. = ,,- + e . ( s )  

Using Taylor's theorem yet again, we have that  3 M E R+ such that  

V s E R  

where  l e , ( s ) l  < Mls14/n 2. 
Therefore, 

n - 1  )) - = 2 . . , ~ t S ~ n )  ~ 2. , n + e , , ( ~  
k=O - -  

n - 1  t $ \n--l--k _kr(o) 
_ a,,(~) 2_,  ~ t ~ )  ~ '" + g) - (s) ,  

n k=O 

where 

Ig) . (~) l  < n l e . ( s ) l ~  - ' ( ' - - * ) r ( ' )  < M l S l 4 e  -~r(")  
n 

Proceeding further, 

r_L¢l r_~ \ 
~p(~nn) "  - e -  2 (1 + e  ,,, a,,(s))) 

N o w  

v I~1-~ ~v~. 

n - 1  
c ~ t ~  2. _ ~ 2. / + ~ , , 8 , .  

k=0 

qo - e  - 2- 

and hence 

k - 1  

= 2 . . , ~ t ~ - ~ )  e + 0 , ( 8 )  , 

s ~ ,r~.~ .~,-,)r~.~ ( l a . ( s ) l  ) )  I~(~) -e-~-I<ke- " , n + e . ( 8  . 

Substituting back in the above, we obtain for Isl <_ 6V~, n >_ 4, 

I~(~)" ~-r2-~( 1 + 

_< la.(s)l  e -  2. ke- " a .  

n k=O \ n 

< e-'r~2 " ([an(S)[2 q-n[an(s)HOn(s)[) + len(s) ,  

_~5J~.2 ( KME(,X,2)I Is. 6 MIs, 4 ) < e la , (8 ) l  2 + + . 
n n 
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Lastly, by Taylor's theorem, 3 M E ~ -  such that 

M 
0 < e 2 ~ - 1 < - -  V n > l ,  

n 

whence for Is[ < 5v/-n, 

~(~n 1~ - ~  - e  2 (1+an(S) )  

< e -  ~-r~ - (la,,(s)]2 + KME(]X]2)] [s[----~ 6 + 

and Lemma 2 is established by Lemma 1. | 

As a corollary of Lemma 2, we get that 

I~l < ~4~,  

Isr. 3. Math 

/N _ r~,)+r(q (1 Dn '~ n -1 2 e + an(s))(1 + an(t)) 

where N = N(0, 5vZ'n). This is because 

r(t) t r(s) s r(t) t d 
- < f ( s , t )  

V n > l ,  1st, Itl < 5~/-~, 

where f is a polynomial in Is[ and It[. 
Using the existence of 0 < rk < 1 (k _> 1 fixed), such that  

fR k - ~  = o ( r D  as,~ ~ oo, Isl e r; 
-. N ( o , ~ / - Q  

we obtain that 

n -1 f / e -  r~'~VC'~ (1 + ~ ( s ) ) ( 1  + ~.( t ) )  D,~ t%.t 

r(t) t . ( ( _ ~ _ _ ¢ ( ~ ) ,  r ( s ) s F ( t ) t ~ ) d s d t  - - ~ - - ¢ ( ~ 1 1 - - ~ - ¢ ( ~ 1  - 

where here, and henceforth, we supress the domain of integration where this is 

maximal. 

Our next task is to simplify our expression D~ ,,~ Dn on the basis of the identity 
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LEMMA 3: I f E ( I X [ 2 1 ~  [X[) < c~, then 

7 3  

(2) D,, ,, ln f e-r-~ an(s)( r(s)2 - 2(d + 2)F(s) + d(d + 2))ds .  

Proof." It will be convenient to use the following notation: 

f n ( s , t ) ~ g = ( s , t ) i f l / /  r ( o ) + r ( t )  . . . . .  1 J /  - e-  ~ fn(s ,  t)dsdt ,,, - e-  r~')+r(0 g~(s, t)dsdt. 
n ?2 

We'll use the following consequence of Lemma 1, 

(i) an(s) 2 ~ an(s)an(t) ~ O. 

Also, by symmetry, 

(ii) In(s, t) ,~ gn(~, t) := In(t, ~). 

We'll also use the following formulae: 

(iii) fR r_~ 1 fR "l~ • (F(s))e- 2 ds = ~ ¢(]sl2)e - 2 ds, 

(iv) 
L e-'~ ~ isi2kds = (21r)gr2k 

where r0 = 1, r2 = d, r4 = d(d + 2), and r 6 = d(d + 2)(d + 4), 
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(1 +a~(s))(1 a n ( t , , ( ( - ~ ¢ ( ~ n ) -  -~¢(~nn))r(t) t + - V ¢ ( ~ ) -  ~) 

= ( 1  + a.(s))(1 +a.(t))([ F(t) F(s) 

"~ { 2 [a.( t )-an(s)]}{-~--an(t)}-{  2 2 } 

2 

, , , r ( t )  _a.(t)(r(t) r~))_ [a.(t)-ants)! 

2 " 2 

= a . (s ) (F(~)2  F ( s ) F ( t ) F ( t ) ~ )  
- - -T--  + -5- 

, . , f r ( t )  2 r(~)r(t) r(~) _r ( t )_  d) 

-- (r(_~ r(t) 2 r(,)r(o r( , )+r(t ) -d)  
%) a,,(s) + ~ 2 

0~) ( _ ~  T, ,-~r(~) r(~),.o +,.2 _ d,.o) an(s) ro + 4 2 

(iv) an(8)(F(__~..{_ d(d+2______)) dF(s) F(s))  
4 2 

= la,~(s)(F(s)2 - 2(d + 2)F(s) + d(d + 2)). . 

Remark: It now follows from Lemmas 1 and 3 that (*) holds if, in addition, 

E(IXI z log + IXl) < ~. 
To continue, we calculate 

1- f e-r(s)/2a.(s)(F(s)2 - 2(d + 2)F(s) + d(d + 2))ds 
n 

more precisely using the formulae 

(v) fR, e-I't~/21s12%~"ds = (27r)d/Uq2k(7)e-1"~12/2 

(vi) where qo = 1, q2(7) = d - I~l 2, q,(~) = I~P - 2(d + 2)]7[ 2 + d(d + 2). 
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LEMMA 4:  

(3) 

Proof.." 

l r _ ~  ( ) 
n J e 2 a,~(s) r ( s )  2 - 2(d -t- 2)r(s)  -I- d(d -4- 2) ds 

_ (27r)# .E(e_lA-; :Xl  2 Ik-'*XP~ 
~/Id~trl t, ~ )" 

n ~ 2 _ 2))  ds 1 i ~- ~ ~.(.)(r(~) 2(d + 2)r(~) + d(d + 

i )( = , -  . r ( , ) ' - 2 ( d + 2 ) r ( s ) + d ( d + 2 )  ~(~nn )-1+ 2n ]d ,  

oii) , / A - ix  
e - ~  ([xJ4 - 2(d + 2)]x[2 + d(d + 2))(~(----~-) - l + )dx 

where F = A*A. Next, 

+.(. + 

(I ) = E  e -  . e ,'- tlxl -zta+2)lxl2+d(d+2))dx 
. ,t [ IA-i*Xl ~ 

: 0.(--~-) (v) (27r)~ E t  e-  1,, A - l ' X "  

. A - l , X -  . A - I * X . .  \ 

- '( '  + ~)~ ( - w - )  + '( '  + ')~° ( - w - ) ) )  
(.i) (2r)# E(e_lA-,.Xl.12,~ IA-I*XI4'~ 

= -~  ) .  

e 2 ( I x i 4 - 2 ( d - t - 2 ) l x l ~ - t - d ( d + 2 ) ) ( - l +  dx 

= S e-:l~-li [ 'x'6 ( 1 +  d + 2  ( 2 ( d +  2 ) d ( d + 2 ) ) i x i 2 - d ( d + 2 ) ] d x  
L 2n - n )1~14 + + 2----'u-- 

(iv) 
= 0 .  II 

We have, by (2) and (3), that  

t, n~ 1" 
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To conclude the proof of the theorem, 

n=I~E(IA-I*xI4'-[A-;:x"~ ) = ~EIIA-I*xI" n 2 /A-~x[ 8. q d8) 

~oo _.~2 (~ ,A-I*X[4 [[A_l.x]~_sv~)d $ = 8e 2 E n2 \n=l 

Z" (, 0 <_ 2 se q E A-I*x[2(s 2 A [A-I*x[  2 ds 

~0 O0 s 2 <_ 2E(]A-t*X[ 2) s3e-V d8 

<c<). | 
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