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ABSTRACT
We show that centred aperiodic random walks on Z% whose jump ran-

dom variables are in L%/log® L have equivalent renewal sequences. An
isomorphism theorem is deduced.

Let X be a Z4-valued random variable (where d € N). The random walk with
jump random variable X is a measure preserving transformation Tx of the o-
finite, infinite measure space (Z%)% x Z? equipped with the o-algebra generated by

cylinder sets, and the measure fZx counting measure (where f, =Prob(X = n)).
It is defined by

Tx <(...,x_1,xo,x1,...),n> = ((...,.’IJQ,JJ],IQ,...),n-l-:l,‘l).
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The random walk is conservative and ergodic in case d = 1, 2, and the jump ran-
dom variable X: has finite second moment (E(|X|?) < 00), is centred (E(X) =
0), and is strictly aperiodic in the sense that if ¢(s) = E(e?*X) (s € R%), then
lo(s)| = 1 if and only if s € 27Z°.

Let Y@ = ¢ € {0, +£1}¢ with probability 5. It is shown in [1] that if d = 1,2,
and X is a Z%valued random variable with E(|X|") < oo, which is centred,
and strictly aperiodic, then Tx and Ty (s are isomorphic as measure preserving
transformations.

We prove here the

MAIN THEOREM: Ifd = 1,2, and X is a centred, strictly aperiodic Z%-valued
random variable with E(IX 124/log* | X I) < 00, then Tx and Ty, are isomor-
phic.

The method of proof, using results in [1], involves a study of the equivalence
of renewal sequences of jump random variables, that is, renewal sequences of

form

u(n) = un(X) = (2%)‘1/” /1r o(s)ds = Prob(::: Xi = o)
I —

where X3, X,, ... are i.i.d.r.v.’s, each distributed as X.

Recall from [1] that the renewal sequences u, u' are said to be equivalent
if there are positively recurrent, aperiodic renewal sequences v, v’ such that
u(n)v(n) = u'(n)v'(n), and that [1, theorem 3.6] conservative, ergodic random
walks whose jump random variables have equivalent renewal sequences are iso-
morphic.

Let X be a Z%valued random variable. A necessary condition for the
equivalence of the renewal sequences u(X) and u(Y®), is that X be centred,
strictly aperiodic, and with finite second moment. This is because otherwise,
lim infp—co 2378y = 0.

A sufficient condition for equivalence of renewal sequences is given by [1, corol-
lary 4.4], which says that the renewal sequences u = (u(n))n>0 and uw(Y @) are

equivalent if

(*) Z:nllog(p1 ) —§%|<oo

n€A n
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where

_ ump?
u(n — u(n+1)

Dn forneA={neNuk)>0Vk>n—-1}

Thus, given a centred, strictly aperiodic, Z%valued jump random variable
X, (d = 1,2), in order to prove that Tx and Ty are isomorphic, it is sufficient
to establish that u(X) satisfies (x).

The isomorphism theorem of [1] is proved in this way by means of [1, theorem
5.1] which establishes (*) when E(|X|7) < oo and X is centred, strictly aperiodic.

Similarly, we prove our main theorem by establishing the

THEOREM: Suppose that E(]X|?y/log* | X|) < oo, and that X is centred, and
strictly aperiodic, then (*) holds.

Remark: We do not know of any centred, strictly aperiodic random variable X
on Z¢ with finite second moment for which u(X) and u(Y(9) are not equivalent.

Proof of the Theorem

It follows from the local limit theorem that
3 lim n%?u(n) € Ry,
and hence that (*) holds if and only if

du(n)?

2n? i(oo

> n#*|u(n = Du(n + 1) - u(n)? -
n=1
Set

D, 1= n®** (ufn - Du(n +1) - ury? - 2420,

and let a, ~ aj, mean that }__ |an,—cal,| < oo for some 0 < ¢ < o0. In particular,
if an ~ a},, then 3 |a,| < 00 iff Y, |al,| < oo.

We’ll show, under the assumption E(|.X |2\/log+ |X]) < o0, that D,, ~ 0.
Using Taylor’s theorem for ¢ around 0, we find that,

36>0, ec (0, %] such that 0 < |p(z)] < e~ T@ V |g| < 6
where I'(z) := E((X - z)?) (z € R?).

1
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By aperiodicity of X, supj>s |¢(t)| < 1, and we have that

=(;jr;d//wm< (@) o)™ — el@)e(u)" (1 + ))dzdy

nd+l

~ (2m)H / /N(O )2( (@) o)™ = () e(y) (1 + d ))dxdy
2jr+; //N(OW o(z)"o(y)" ( el )( )( ) %)dmdy

ndt+l
= —m)zd / /N 0.5 o(x) w(y)"<%‘ﬂ_y) — (p(z) — p(y)) — 5%)azawly

since

/ / (@) o (y)"(e(x) - o(y))dudy = 0.
N(0,8)2

Here, N(0,6) := {z € T¢ = [—7, 7]% |z| < 6}
Changing variables, we have

n § \n t \n
Do~ (2m)2 //,;r(o,s\/zy (p(ﬁ) (p(%)

. ([w(ﬁ) —e(EN1-e(&) 4 ) i

o(7z) 2n

1 2 ) ()"
= v [ e, Pl R)
| ((%Qd)(_\}?) - g(2) () _ é)dsdt
o(77) |

where T'(z) := E(X -z)?) = 2*Tz (z € R?), and 1 ~ ¢(s) = 2 g(s).
Using (1), and 1 — ¢(t/v/n) = O(|t|2/n), we have, by Lebesgue’s dominated
convergence theorem, that

G “ﬁ
(F0(z) - el o) - § et

Write r r
o= 1 (5)) = (o) -1+ 12).
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Using again the Taylor expansion of ¢ around 0, we obtain K € R such that
lan(s)] < KE((s : X)2(B(Ls, A 1)) <KT(s) VscRe, neN
= 'VH = ’

To continue, we need to use the moment assumption on X.

LEMMA 1: I1°E(|X|2(log+ |X|)%) < 00, then

o k
AnlS
50 1O < g4 o,
n=1

where M, € Ry, and hence

o k
/ |s|¢ (Z la—"%i)e"r(s)ds <o ViE>0.
Rd n=1

Proof:

janto)] < KB ((s- 32 (Bl 1))

n
2
< T pp(x) a v,
k k| |2k k k
|an$:)| S K |3|n1(j;' |3|) (E(|X|2(|X|/\\/T_l)))

and it is sufficient to show that

o0

1
> —rp BOXEXIA VA < oo,

n=1

Now,

E(X1*(IX| A vn)) = E(1XP1yx1<ym) + VRE(IXP1yx)5 ym)-

Therefore, by Jensen’s inequality,

k

(B0xPx A \/ﬁ»)k <2 (B(XPlpac,m))

k
42k 1nt (E(|X|21[| XI> \/a)) ,
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and it is now sufficient to show that

o0 1 k
> B <o & 3 H(BXPYram) <o
n=1 n=1

Letting X, ..., Xi be independent copies of X, we have

e k
Z m( (X1 1[|X|<~/‘1)>

1
_ 3
= E(|X1|3 XY prrv e LAEVOR --1nxk|s~/ﬂ>

n=1

1
= E([X1|3...[Xk|3 > 1+%)

"lellzv'“leklz n

|X1|3 e |Xk|3
<28 ((lxllv---v mw)

< 2<E(|X12)>k

and

oo k
1

Y A BUXPyxisva) ) = E{IXP . 1 Xl E:"luxllxﬂ A x, 2 A
n

n=1 n=1

JXa AN X

(
B(xfne Y 1)
(

I

n=1

<E(|X1?... | Xk logt(|X12A--- A |Xk[2))

< (B0xP00g* IXI2)*))

o0

S e EOXFIXIAVA) <o B

n=1

LemMA 2: If B(|X|?\/log™ | X]) < oo, then

> 1/ Yo(—=)" — e TN/
- s jpl—=) —e 1+a,(s))|ds<oo VE£2>0.
ngln N(O,&ﬁ)l Il (ﬁ) (1+an(s))l
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Proof: Using Taylor’s theorem yet again, we have that 3 M € R, such that

s _I@ an(S)
gp(\/ﬁ) e 2 +On(s) VseR
where |0,(s)| < M|s|*/n.
Therefore,
n—1
S \n O 8 \n—l-k _ki(s) an(s)
AV Pty A (%5 +0n)
n—1
an(s) 8 \n—l-k _kM@)  ~
= — e 2n +en S),
where

4
Mis| e—5T(s)
n

16 (s)] < n|On(s)]e <A~ < Y |s| < 6v/n.

Proceeding further,

8

(e(Zp)" -~ 1+ Fan(e)
= “er’é)'ge-‘"—‘%m(w(%)k e 5) +8,(s).

Now
k-1
S \k_ M) 8 \v__(kov=LI(s) an(s)
(o) -7 )"g‘p(\/ﬁ)e (T + 0u(s),
and hence

()" - e
U

Substituting back in the above, we obtain for |s| < §/n, n > 4,

< g~ (@ + e,,(s)).

()" e F @+ e an(s))
n—1

< Lol 57 g -y (00 o (1)) + 8o
k=0

IA

e (Ian(s)I’ ¥ nlan(snwn(sn) +18u(s)]
<e (}an(s)lz + KME(}XIZ)I% + Mf—“)

71
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Lastly, by Taylor’s theorem, 3 M € R, such that

. M
0<e£z‘~¢2—157 Va1, |s|<6&va,

whence for |s| < 6/n,

o) = 1+ an(s)

(s 6 4
< e (Ian(s)|2 + KME(|X|2)|'-2— M T'f' + MKF(S))

and Lemma 2 is established by Lemma 1. |

As a corollary of Lemma 2, we get that

Dy~ n” //N e M (14 an(5))(1 + an(t))

r r r d
((Ba( L) - o)) "ol - )
where N = N(0,6+/n). This is because
INODPR I'(s) I(t)
(o) - ¢(\/ﬁ)) 2 2 5) - ) -5l < s
Va>1, s}l <6\/—,
where f is a polynomial in |s| and J¢|.
Using the existence of 0 < r < 1 (k > 1 fixed), such that
/ |s|Fe™ ‘_O(Tk) as n — 00,
R4~ N(0,64/m)
we obtain that
Zh // e (14 an(3))(1 + an(t)
L'(t) I'(s) I'(®) d
(B - B Son Do T - § s

where here, and henceforth, we supress the domain of integration where this is
maximal.

Our next task is to simplify our expression D], ~ D,, on the basis of the identity

() [[ e (B2 -H) I8 - Dasar-o
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LEMMA 3: If E(|X|?y/log* | X]|) < oo, then

(2) D, ~ % /e‘%ﬂan(s) (I’(s)2 —2(d+2)(s) +d(d + 2))ds.

Proof: Tt will be convenient to use the following notation:

fn(s,t) = gn(s,t) if % /f e'wfn(s,t)dsdt ~ —:—l// e‘mlg_r(ﬂgn(s,t)dsdt.
We'll use the following consequence of Lemma 1,

(i) an(5)? % an(8)an(t) ~ 0.

Also, by symmetry,

(ii) fn(s,1) = gn(s,t) == fu(t, s).

We’ll also use the following formulae:

(i) [ oene P s = [ a(sPre¥as

8 2 N
. / e_LzL|s{2kds = (21r)%r2k
(iv) Ré

where ro =1, o =d, ry = d(d + 2), and rg = d(d + 2)(d +4),



74 J. AARONSON ET AL. Isr. J. Math.

1+ an(s)1 + o) (T20( ) - f_gﬁ%))ﬂﬁﬂ% -9
=(1+an(s>>(1+an(m>)([5§;‘—’—F—(;2 (@)~ (DL - )] - 5
LT () - anH (L - an} - {”t - E)
+[an(s) + a,,(t)]((r—gt—) L g) 9
- an®(CL =~ T~ fan(t) - antl 2

+[an(s) + anlt )1((r—(t—) -9

2 272 2
_ T(@#)? T@E)0IE) , T d
a"n( )( 4 + _2- - E)
it 8 2 2
D 0o )(r( . r(z) - HO )+ 1y - )
(i) an(s )(]—"(3)2 ": _ ———Tzl;(s) —TI(s)ro+r2 — dro)

e

= %an(s) (l"(s)2 — 2(d+ 2)[(s) + d(d + 2)). "

Remark: It now follows from Lemmas 1 and 3 that (*) holds if, in addition,
E(|X[*log™ | X]) < 0.
To continue, we calculate

L / e~ T2, (s) (1“(3)2 —2(d + 2)['(s) + d(d + 2)) ds

n

more precisely using the formulae

) /R 4 1P 12)5i2k v dg = (2m)% 2 gy (y)e P12

(vi)  where go =1, @2(7) =d - v?, a4(7) = |* = 2(d + 2)l1* + d(d +2).
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LEMMA 4:

% / e~ an(s) (I‘(s)2 —o(d+2)0(s) + d(d + 2)) ds

3

( ) B (27'.)-54 E(e_mlA—ltxlli)
/| detT| n? .

Proof:

-71; / e‘%ﬂan(S) (I‘(S)2 —2(d+2)T(s) + d(d + 2)> ds

_ /6_52:1 (F(s)z — 2(d + 2)I(s) + d(d + 2)) (w(j- -1+ 1;(; )ds

o2 -1, 2
(@) m/e'%‘(lxl“—2(d+2)|m|2+d(d+2))(<p(A\/.ﬁ )- 1+ J=*

where ' = A*A. Next,

- )da

-1

/e"l%li(|x|4 — 2(d+2)|zf? + d(d + 2))«:(’4\/_ )d

- E( [ T ol - 2+ 2)al? + dla + 2))dx)
(v) g A-1* 2 A—l*X
entE( T (u(5)

—~1x —1=

—od+ 2)q2(A\/7_lX) +d(d+2)q0(A\/ﬁX)))
(v) (27r)2E( —M-I'X|2/2n|A_hX|4).

n2

/e-%‘iuzr —2(d+ el +d(d+2)( -1+ ';'2)(135

= /e-‘%‘3 [% - (1+ d—:—z)|z|4 +(2a+2) + 1(-‘%2—))@? _d(d+ 2)] dz

o

We have, by (2) and (3), that

D. ~E e—|A_1'X|2/2n|A_1*Xl4
n n2 .
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To conclude the proof of the theorem,

1x 4 _laTlexp? A-—l* 4
ZE(M—le 4 X ) ZE(J—___L‘/ se” 2 d.g)
n la=rx

n=1 n=1

2 A~ 1*X4
Se %E(Z l 1[|A 1n-x|<s‘/j)ds

=1

2

<2/ se” T FE ([A X122 A A1 X2 ))
0
< 2E(JA"X ) / SPe=Fds
0
< 00. ]
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